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Resumen
En el área de los sistemas cuánticos abiertos, es común encontrar experimentos
y modelos teóricos en los que el sistema de interés es representado por un cubit
(sistema de dos niveles) y el entorno por otro cubit pese a que un entorno realista
debería contener muchos más grados de libertad que el sistema con el que interactúa.
No obstante, la simulación de entornos mediante un cubit es usual en la óptica
cuántica, como también lo es la realización de evoluciones de sistemas de dos cubits.
Los procedimientos utilizados para caracterizar los estados cuánticos producidos
en el laboratorio son conocidos como tomografía de estados cuánticos. Existen
algoritmos de tomografía para distintos tipos de sistemas. En esta tesis presentamos
un dispositivo interferométrico que permite generar y hacer tomografía a un estado
puro de un sistema de dos cubits: polarización y camino de propagación de la
luz. Nuestra propuesta requiere 18 mediciones de intensidad para caracterizar cada
estado. Ponemos a prueba nuestra propuesta en un experimento y contrastamos sus
resultados con las predicciones teóricas.
i
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Abstract
In the field of open quantum systems, we usually find experiments and models in
which the system is represented by a qubit (two-level system) and its environment by
another qubit even though a realistic environment should contain many more degrees
of freedom than the system it interacts with. However, these types of simulations
are common in quantum optics, as are models of two-qubit system evolutions. The
procedures that characterize quantum states produced in a laboratory are known
as quantum state tomography. Standard tomography algorithms exist for different
types of systems. In this thesis we present an interferometric device that allows us
to generate and perform tomography on a pure polarization-path two-qubit state.
18 intensity measurements are required for characterizing each state. We test our
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Quantum states are key objects in quantum mechanics. Given a quantum state and
a set of observables, we can compute their expected values and the probabilities
of measuring any of their eigenvalues. While it is customary to think of quantum
states as vectors, or kets, in Hilbert spaces, there exist more general states, which are
represented by density operators. All kets |ψ〉 have a corresponding density operator,
ρ = |ψ〉〈ψ|, but not all density operators can be written as kets. The states that can
be written as kets are called pure states, whereas those that cannot are called mixed
states.
The prescription for calculating expected values and probabilities for a quantum
state is given by the postulates of quantum mechanics. This procedure is quite direct,
although it scales with the number of degrees of freedom in the system. However, if
we wish to test a theoretical model, we must first generate a state in the laboratory,
determine from measured data what the state is, and then compute from it other
quantities of interest. The procedure for reconstructing experimental states is known
as quantum state tomography (QST).
The simplest systems on which to do QST are two-level quantum systems—also
known as qubits—which makes them the most common in the literature. Basically
any quantity that can take two excluding values can be a qubit: light polarization,
which can be decomposed in two orthogonal modes, such as vertical and horizontal;
light propagation path, any two paths along which a ray coming from a common
source propagates; electron spin, pointing up or down a certain axis; and photon
number, which can be 0 or 1 depending on whether or not a photon is detected.
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Evidently, the type of QST to be performed in an experiment depends on the
nature of the system under study. Polarization qubit tomography is a standard
procedure. There exist algorithms for doing it on systems consisting of one [1], two
[2, 3], and four polarization qubits [4]. N -qubit photonic state tomography has also
been outlined [5]. The algorithm is flexible, so there exist different ways of doing
it, as we shall see in Chapter 2. In ion traps, qubit tomography can be done by
considering the ground and metastable states as the two levels [6]. Atomic spins in
nuclear magnetic resonance [7] and quantum-dot spins [8] are other types of qubits
that have also been characterised. A recently presented proposal allows for measuring
either polarization or propagation path qubits in a laser light experiment [9].
Quantum mechanics is almost one hundred years old, but many of its aspects
are not yet well understood. An active branch in contemporary quantum mechanics
is the field of open quantum systems. Part of its importance stems, arguably, from
the scientific community’s burgeoning interest in information theory—which is built
on the notion that information is coded in the quantum states of physical systems.
Therefore, understanding how open system states evolve, and discovering optimal
measurement processes is of importance for theoretical physics and a wide range of
fields.
Constructing and tuning an environment in which a system’s dynamics take place
is, in general, a difficult and costly endeavor—more so when the environment has
infinite degrees of freedom. This obstacle can be surmounted in quantum optics
settings such as experiments on continuous-wave (cw), visible-range lasers or with
individual photons. In these settings, we can simulate qubits in different degrees of
freedom—light polarization, path of propagation, transverse mode—at a much lower
cost than in, e.g., condensed matter experiments. In the literature of open quantum
systems, qubits are ubiquitous. Systems of one and two qubits play the role of open
systems in several theoretical models [10–14]. Moreover, qubits have also been used
as environments for qubit systems—both in theory and in experiment [13, 15, 16].
Despite QST being a heavily studied set of techniques, plenty of questions remain
open regarding biasedness, uncertainty, and efficiency. It is somewhat common for
reconstructed quantum states to be unphysical—which means that their density
matrices do not have unit trace, are not positive matrices, or are not Hermitian. For
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a long time, the solution to such a problem has been to force the reconstructed matrix
to be physical, which was achieved through the so-called maximum likelihood, least
squares, and Bayesian estimations [2, 5, 17–19]. However, in the past few years it
has been shown that all estimators that impose physicality on reconstructed density
matrices are biased [20, 21]. On the other hand, uncertainties in the reconstructed
quantities have always been computed by taking into account statistical fluctuations
and measurement uncertainties. These procedures, which are used to compute error
bars, have been called into question, and new prescriptions have been proposed [20, 22,
23]. Finally, regarding efficiency, it is well-known that even the simplest types of QST
require an overcomplete set of measurements—i.e., redundant measurements. This
turns into a major issue when the system size grows, for the number of measurements
becomes prohibitive. Several alternatives to standard QST have been proposed with
the aim of reducing the number of required measurements [24–28].
In this thesis, we will first review the basics of qubits, light polarization, the
mathematical description of path and polarization degrees of freedom, polarization
tomography, and two-qubit states. These concepts set up the stage for our proposal:
an algorithm for characterizing pure states of a polarization-path two-qubit system.
To the best of our knowledge, such an algorithm has not yet been treated in the
literature, although related proposals have been tested [29]. We produced polarization-
path states of laser light in a stable interferometer and used our algorithm to
characterize them. After presenting our proposal, we show the results of these
experiments. Finally, we summarise our work, discuss its significance, possible






Two-level quantum systems, also called qubits, are the simplest nontrivial type of
quantum systems. To do quantum mecanics on any system, we need mathematical
objects called quantum states that contain information about the system. Quantum
states are usually represented by vectors called kets, which live in a particular kind
of vector spaces known as Hilbert spaces. The Hilbert space of a qubit is a vector
space of dimension 2, so any vector in it can be written as a linear combination of
two basis vectors.
Let {|+〉 , |−〉} denote an orthonormal basis in a 2-dimensional Hilbert space.
Then, the most general state in said Hilbert space is given by
|ψ〉 = c1 |+〉+ c2 |−〉 , (2.1)
where c1 and c2, the so-called probability amplitudes, are complex numbers that
satisfy |c1|2 + |c2|2 = 1. At first glance, it looks as if we need 4 independent real
numbers to specify a qubit state. One of these parameters, however, is redundant: it
accounts for a global phase, and global phases are irrelevant in quantum mechanics.
With this in mind, if we write the probability amplitudes in exponential form and
factor out one of the two phases, we are left with a completely equivalent state,
|ψ〉 = α |+〉+ βeiφβ |−〉 . (2.2)
It is evident from Eq. 2.2 that qubit states are functions of 3 real numbers: a phase,
φβ, and two amplitudes, α and β, such that α2 + β2 = 1.
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Alternatively, quantum states can be described by density matrices. A state
described by any ket |ψ〉 is called a pure state. The same state can also be described
by the density matrix ρ = |ψ〉〈ψ|, which is an element of the set of all operators
acting on the Hilbert space of |ψ〉. For example, the density matrix of |ψ〉 in Eq. 2.2
is given by
ρ = |ψ〉〈ψ| = α2 |+〉〈+|+ αβ e−iφβ |+〉〈−|+ αβ eiφβ |−〉〈+|+ β2 |−〉〈−| . (2.3)
In the basis {|+〉 , |−〉}, Eq. 2.3 has the matrix representation α2 αβ e−iφβ
αβ eiφβ β2
. (2.4)
Density matrices can also describe states that kets cannot, which we call mixed
states. If a system is in the state |ψi〉 with probability pi, for i = 1, . . . , n, then its
density matrix is the weighed linear combination of proyectors, ρ =
∑n
i pi |ψi〉〈ψi|.
Hence, the most general qubit state can only be represented by a density matrix,
not by a ket.
2.2 Path and Polarization Qubits
Experiments in quantum optics typically utilize properties of light to simulate a
variety of systems. The source of this light can be either continuous wave (cw)
lasers, known as classical light, or individual photons—produced in processes such as
spontaneous parametric down-conversion [30, 31]—known colloquially as quantum
light. As mentioned in the introduction, several kinds of qubits have been produced
and characterized in different contexts. In this thesis, we will focus on two types of
qubits that can be readily studied in quantum optical settings: propagation path
and polarization.
2.2.1 Path Qubits
Light produced in a laser cavity can be subjected to a multitude of transformations,
of which some pertain only to its path degree of freedom. Consider a beam of
light travelling along a path labelled by x. We say that its state is |x〉. Suppose
that this beam impinges on a mirror, making a π/4 incidence angle with respect
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to an imaginary line perpendicular to the mirror. The beam will be reflected and
travel along a direction perpendicular to x. Let us call this direction y. Then, the
state after the beam is reflected on the mirror will be |y〉. This suggests an obvious
mathematical expression for the effect of the mirror on the state of the beam. If we
represent it by M , it is straightforward to note that
M = |x〉〈y|+ |y〉〈x| , (2.5)
where the first term accounts for the effect of the mirror on a light beam propagating
along y that incides on it.
A type of instrument related to mirrors is the beam splitter (BS). Its function
is simple: it divides an incident beam into a transmitted and a reflected fraction.
When the two fractions are equal, the BS is said to be 50:50 (fifty-fifty). In practice,
most beam splitters are not 50:50, so they must be classified according to their
transmission (T ) and reflection (R) coefficients. Since the sum of the transmitted
and reflected fractions equals the total amount of incident light, both coefficients




T (|x〉〈x|+ |y〉〈y|) +
√
Reiφ(|x〉〈y|+ |y〉〈x|), (2.6)
where a phase has been included to account for the phase shift that most beam
splitters add to the reflected beams. For illustrative purposes, a beam spliter is
depicted in Fig. 2.1.
We have seen that mirrors and beam splitters can be expressed as linear operators.
Unsurprisingly, the set of all linear operators is also a vector space. Hence, all
operators that act on qubit states can be written as linear combinations of 4 basis
operators. The most common basis for operators acting on path qubits is formed
by the path identity operator, τ0 = |x〉〈x|+ |y〉〈y|, and three operators equivalent to
the Pauli matrices from spin-1/2 theory (albeit with different labels). The four basis
operators receive the name τ matrices. In the basis of {|x〉 , |y〉}, they are given by









Figure 2.1: A beam splitter receives light from direction 1 and divides it into
transmitted and reflected components, which travel along paths 2 and 3, respectively.
Source: Wikimedia Commons.








These matrices are Hermitian, τ †i = τi, and unitary, τiτ
†
i = τ0. For i = 1, 2, 3, they
are also traceless, Tr τi = 0. In the τ basis, the mirror and beam splitter operators
are given by





The τi have eigenvalues +1 and −1. As is evident from Eqns. 2.7, the eigenvector
of τ1 corresponding to +1 is |x〉, and the one corresponding to −1 is |y〉. All vectors
in the path space can be written in terms of these eigenvectors. In particular, the
eigenvectors of τ2 and τ3 are
|2,+〉 = 1√
2
(|x〉+ |y〉), |2,−〉 = 1√
2
(|x〉 − |y〉), (2.9a)
|3,+〉 = 1√
2
(|x〉+ i |y〉), |3,−〉 = 1√
2
(|x〉 − i |y〉). (2.9b)
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2.2.2 Polarization Qubits
Light can be regarded as an electromagnetic wave whose electric and magnetic fields
satisfy Maxwell’s equations in vacuum. Plane electromagnetic waves propagate
through space following the direction of a wave vector; their component fields
oscillate perpendicular to the same direction. Consider the plane perpendicular to
the trajectory of a plane wave. By convention, the direction in this plane along
which the electric field of the wave oscillates determines the light ray’s polarization.
For instance, if the electric field oscillates along the horizontal axis in the plane, the
light is said to be horizontally polarized. Horizontal, vertical, diagonal (making 45◦
with the horizontal axis), and antidiagonal (making 135◦ with the horizontal axis)
polarizations are types of linear polarization. Most modern commercial laser cavities
produce linearly polarized states of light.
In general, light polarization is not contained in a plane1. The plane wave
approximation is valid when the wave vector is constant or the distance travelled by
light is short. For typical laboratory dimensions, laser light can be safely regarded
as a plane wave.
Polarization qubits are isomorphic to path qubits—i.e., they have the same
structure but with different labels. Therefore, there exists an identity operator σ0
and three Hermitian, traceless, unitary operators, σi, that form a basis for operators
acting on polarization qubits. We will write them in the representation where σ1
is diagonal. Its eigenvalues +1 and −1 correspond to the eigenvectors |h〉 and |v〉,
respectively. By analogy to Eqns. 2.7, the σ operators are
σ0 = |h〉〈h|+ |v〉〈v| , (2.10a)
σ1 = |h〉〈h| − |v〉〈v| , (2.10b)
σ2 = |h〉〈v|+ |h〉〈v| , (2.10c)
σ3 = −i |h〉〈v|+ i |v〉〈h| . (2.10d)
As before, we can write the eigenvectors of σ2 and σ3 in terms of |h〉 and |v〉. They




(|h〉+ |v〉), |a〉 = 1√
2
(|h〉 − |v〉), (2.11a)




(|h〉+ i |v〉), |l〉 = 1√
2
(|h〉 − i |v〉). (2.11b)
(Cf. 2.9.) In Sec. 2.3, we shall find a use for these eigenvectors.
One type of instruments that transform the polarization state of light are retarder
wave plates. They consist of a birefringent crystal—an anisotropic medium with
one refraction index along a “slow” axis and another along the orthogonal “fast”
axis—which transforms the incident polarization depending on the angle its fast axis
makes with, say, the vertical polarization axis.
A half-wave plate, H for short, introduces a phase shift of π between the two
orthogonal components of incident light. As a consequence, it can only convert
linearly polarized light into linearly polarized light. Figure 2.2 illustrates the effect
of a half-wave plate on a diagonal polarization state. The phase shift can be clearly
Figure 2.2: Light with diagonal polarization, depicted in red on the left, incides on a
half-wave plate whose optical axis is vertical. The plate delays one of the components
relative to the other and transforms the diagonal polarization into antidiagonal
polarization. Source: Wikimedia Commons.
seen in the operator representation of a half-wave plate at an angle 0:
H(0) = |h〉〈h| − |v〉〈v| = ei0 |h〉〈h|+ eiπ |v〉〈v| . (2.12)
More in general, the operator representation of a half-wave plate at an angle θ can
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be obtained by rotating Eq. 2.12 with the rotation operator,
R(θ) = cos θ |h〉〈h|+ sin θ(− |h〉〈v|+ |v〉〈h|) + cos θ |v〉〈v| , (2.13)
which is simply the rotation matrix in a plane, and is found to be
H(θ) = R(θ)H(0)R(−θ) = cos 2θ |h〉〈h|+sin 2θ(|h〉〈v|+|v〉〈h|)−cos 2θ |v〉〈v| . (2.14)
Similarly, quarter-wave plates (Q) introduce a π/2 phase difference, which allows
them to transform linear polarizations into circular polarizations, and viceversa.
Again, the phase difference is explicit in the expression
Q(0) = |h〉〈h|+ i |v〉〈v| = ei0 |h〉〈h|+ eiπ/2 |v〉〈v| , (2.15)
which is a particular case of
Q(θ) = R(θ)Q(0)R(−θ) = (cos2 θ + i sin2 θ) |h〉〈h|
+ (1− i) cos θ sin θ(|h〉〈v|+ |v〉〈h|) + (sin2 θ + i cos2 θ) |v〉〈v| . (2.16)
Retarder plates merely transform a polarization state and their effect is, thus,
reversible. Polarizer filters, or simply polarizers, on the other hand, alter a light state
in an irreversible way: they block any polarization perpendicular to the polarizer’s
axis, thereby erasing a component of the original state. It is evident that a polarizer,
P , whose axis coincides with the horizontal direction is represented by
P (0) = |h〉〈h| . (2.17)
By performing a rotation, the general expression for a polarizer at an angle θ is found
to be
P (θ) = R(θ)P (0)R(−θ)
= cos2 θ |h〉〈h|+ sin θ cos θ(|h〉〈v|+ |v〉〈h|) + sin2 θ |v〉〈v| . (2.18)
Lastly, there are instruments that affect both the path and polarization of a beam
of light. One such instrument is the polarizing beam splitter (PBS), which, as its
name suggests, splits incident beams according to their polarization. Polarizing beam
splitters look the same as beam splitters (Fig. 2.1), but they transmit horizontally
polarized light and reflect vertically polarized light. In the path-polarization state
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space, one choice of basis is the set {|vy〉 , |vx〉 , |hy〉 , |hx〉}. In this notation, the
PBS is given by
PBS = |hy〉〈hy|+ |hx〉〈hx|+ |vx〉〈vy|+ |vy〉〈vx| . (2.19)
Whereas polarizing beam splitters split light in orthogonal paths—thus greatly
increasing the size of the array—polarizing beam displacers (PBDs) slightly separate
a beam into two parallel paths: they transmit vertically polarized light and displace
horizontally polarized light. In the right diagram of Fig. 2.3, a beam that travels
Figure 2.3: A Thorlabs mounted calcite beam displacer is shown from the front (left)
and above in cross section (right). Horizontally polarized light, depicted as arrows,
is displaced; vertically polarized light is directly transmitted. Source: Thorlabs.
along path y enters the PBD, which creates a displaced path, x, at a distance
D from y. If the state entering the PBD is (c1 |h〉 + c2 |v〉) ⊗ |y〉, then the state
leaving the PBD will be c2 |vy〉 + eiφc1 |hx〉. (The phase φ accounts for the phase
shift introduced when one component is displaced.) The usefulness of PBDs in
interferometry experiments will become evident in Chapter 3.
2.3 Polarization Tomography
Characterizing a polarization qubit is a standard procedure. While in theory it
requires only 4 intensity measurements, it is commmonly done by taking 6. Section
1.4 of [1] lays out the procedure in terms of the electric field of the light beam. In
this section, we will present it in the context of qubit states.
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In a nutshell, polarization tomography consists of projecting the different polariza-
tion components of a beam along an axis, measuring only the projected component,
and then combining the measured quantities to obtain a set of parameters that
characterize the state completely. These are called Stokes parameters. To understand
them, we need to further explore the mathematical structure of qubit states.
Consider a pure polarization state,
|p〉 = α |h〉+ βeiφβ |v〉 , (2.20)
with α, β, and φβ real numbers. Its density operator, ρp = |p〉〈p|, can be written in











(σ0 + ~p · ~σ), with ~p = (α2 − β2, 2αβ cosφβ, 2αβ sinφβ). (2.21)
The vector product in Eq. 2.21 is introduced for compactness, and the components
of the unit vector ~p are the Stokes parameters. As mentioned in Sec. 2.1, Eq. 2.20
is not the most general type of qubit state. Mixed states cannot be represented as
kets, but they can be represented as in Eq. 2.21, with one caveat: the vector ~p of
mixed states is no longer a unit vector. Its magnitude, |~p|, is called polarization or
purity degree. If it equals 1, the state is polarized (pure); if it equals 0, the state is
completely unpolarized (mixed). Intermediate values indicate partial polarization
(mixture).
Measuring the Stokes parameters, p1, p2, p3, of either type of state completely
characterizes it. Without loss of generality, we shall illustrate how to do so for
pure states. Suppose we have a beam of light whose polarization state is Eq. 2.20.
First and foremost, we need to measure six intensities, ih, iv, id, ia, ir, il; these
are the horizontal, vertical, diagonal, antidiagonal, circular right, and circular left
polarization components of the beam. We obtain them by placing a quarter-, a half-
wave plate, and a polarizer in the beam’s path, conveniently setting their angles, and
measuring the intensity transmitted by the polarizer. The intensities are proportional
to the probabilities obtained from Eq. 2.20. One set of angles for this purpose and
the intensities they correspond to are the following:
ih ∝ |P (π/2)H(π/4)Q(0) |p〉 |2 = α2, (2.22a)
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iv ∝ |P (π/2)H(0)Q(0) |p〉 |2 = β2, (2.22b)
id ∝ |P (π/2)H(−π/8)Q(π/4) |p〉 |2 =
1
2
(α2 + β2 + 2αβ cosφβ), (2.22c)
ia ∝ |P (π/2)H(π/8)Q(π/4) |p〉 |2 =
1
2
(α2 + β2 − 2αβ cosφβ), (2.22d)
ir ∝ |P (π/2)H(π/8)Q(0) |p〉 |2 =
1
2
(α2 + β2 + 2αβ sinφβ), (2.22e)
il ∝ |P (π/2)H(−π/8)Q(0) |p〉 |2 =
1
2
(α2 + β2 − 2αβ sinφβ). (2.22f)
We then subtract the intensities in 2.22 by pairs and divide them by ih + iv to












Our algorithm requires a quarter-, a half-wave plate, and a polarizer. The algorithm
in [1] uses only the first and the third. The extra wave plate actually simplifies our




One-qubit systems, as we have seen, can be described by 3 parameters. Unfortunately,





(σ0τ0 + ~p · ~σ + ~q · ~τ + rijσiτj) , (2.24)
has 3 polarization parameters, 3 path parameters, but depends also on 9 new
quantities, the correlation parameters rij, for i, j = 1, 2, 3 (see, e.g., [33]). In Eq.
2.24 a sum is implied over every repeated latin index—not in σ0τ0, which is simply
the identity operator of the two-qubit space. To avoid clutter, we have omitted the
tensor product symbol. The shorthand notation we have used stands for
σ0τ0 ≡ σ0 ⊗ τ0, ~σ ≡ (σ1 ⊗ τ0, σ2 ⊗ τ0, σ3 ⊗ τ0),
~τ ≡ (σ0 ⊗ τ1, σ0 ⊗ τ2, σ0 ⊗ τ3), and σiτj ≡ σi ⊗ τj. (2.25)
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The individual qubit states can be recovered from ρ by taking partial traces
ρpol = Trpath ρ =
1
2
(σ0 + ~p · ~σ), ρpath = Trpol ρ =
1
2
(τ0 + ~q · ~τ). (2.26)
Analytical expressions for the 6 Stokes parameters and the 9 correlations are
obtained by multiplying ρ by all the tensor products between the σ and τ matrices,
and exploiting the facts that their squares equal the identity and that 6 of them are
traceless. After some algebra, we find that the 15 parameters are
rij = Tr(ρ σiτj), pi = Tr(ρ σiτ0), qj = Tr(ρ σ0τj). (2.27)
2.4.2 Pure States
Whereas general two-qubit states depend on 15 parameters, pure two-qubit states
depend only on 4 amplitudes and 3 phases:
|ψ〉 = α |vy〉+ β eiφβ |vx〉+ γ eiφγ |hy〉+ δ eiφδ |hx〉 ; (2.28)
the amplitudes satisfy α2 + β2 + γ2 + δ2 = 1, so technically the state depends only
on 6 quantities. In the {|vy〉 , |vx〉 , |hy〉 , |hx〉} basis, the density matrix of |ψ〉 has
the form 
α2 αβ e−iφβ αγ e−iφγ αδ e−iφδ
αβ eiφβ β2 βγ ei(φβ−φγ) βδ ei(φβ−φδ)
αγ eiφγ βγ e−i(φβ−φγ) γ2 γδ ei(φγ−φδ)
αδ eiφδ βδ e−i(φβ−φδ) γδ e−i(φγ−φδ) δ2
. (2.29)
By directly applying Eqns. 2.27, the Stokes and correlation parameters of the pure
state are found to be
p1 = −α2 − β2 + γ2 + δ2, (2.30a)
p2 = 2αγ cosφγ + 2βδ cos(φβ − φδ), (2.30b)
p3 = −2αγ sinφγ + 2βδ sin(φβ − φδ), (2.30c)
q1 = −α2 + β2 − γ2 + δ2, (2.31a)
q2 = 2αβ cosφβ + 2γδ cos(φγ − φδ), (2.31b)
q3 = −2αβ sinφβ + 2γδ sin(φγ − φδ), (2.31c)
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r11 = α
2 − β2 − γ2 + δ2, (2.32a)
r12 = −2αβ cosφβ + 2γδ cos(φγ − φδ), (2.32b)
r13 = 2αβ sinφβ + 2γδ sin(φγ − φδ), (2.32c)
r21 = −2αγ cosφγ + 2βδ cos(φβ − φδ), (2.32d)
r22 = 2βγ cos(φβ − φγ) + 2αδ cosφδ, (2.32e)
r23 = −2βγ sin(φβ − φγ)− 2αδ sinφδ, (2.32f)
r31 = 2αγ sinφγ + 2βδ sin(φβ − φδ), (2.32g)
r32 = 2βγ sin(φβ − φγ)− 2αδ sinφδ, (2.32h)
r33 = 2βγ cos(φβ − φγ)− 2αδ cosφδ. (2.32i)
Evidently, since these 15 parameters are functions of 7 quantities, not all of the above
expressions are linearly independent. Although somewhat redundant, describing a
pure state by Eqns. 2.30, 2.31, and 2.32 is completely equivalent to specifying the 7





We wish to do quantum state tomography on a state of the form of Eq. 2.28. To
this end, we present a device that allows us to measure a set of intensities from
which all the pure state parameters can be computed. This procedure can, in theory,
be carried out in a Mach-Zehnder interferometer, where it is conceptually easy to
understand (Sec. 3.1). Practical considerations, however, make it extremely difficult
to complete the measurements in this set up. Therefore, we devised an equivalent
device: an interferometer with two polarizing beam displacers (PBDs) and no mirrors
(Sec. 3.2). This interferometer was used to generate and characterize the set of states
described in Sec. 3.3.
3.1 Mach-Zehnder Device
Consider the Mach-Zehnder interferometer in Fig. 3.1. It consists of two parts:
one generates arbitrary two-qubit pure states; the other characterizes them. In the
generation stage, a horizontally polarized beam of light passes through a half-wave
plate at an angle θ, after which it is divided by a polarizing beam splitter (PBS).
The transmitted component is subjected to some transformation, T1; the reflected
component, to T2. Because the states of light in each arm are linearly polarized,
it is possible, by choosing T1 and T2 to be a half-wave plate followed by a quarter-
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wave plate, to transform both into arbitrary polarization states1. By adjusting the
lengths of both arms, a relative phase difference between them can be added. The
combination of this phase shift, T1, and T2 creates an arbitrary two-qubit pure state.
After leaving the generation part of the array, the two rays are reflected by mirrors,
M , and enter the characterization device.
To carry out two-qubit pure state tomography, the array described so far must be
completed with the instruments contained in the dashed rectangle on the top right of
Fig. 3.1. The diagram shows a half-wave plate, H(φ), placed in the transmitted arm;
its angle will take two values: 0 and π/4. Following the plate is a PBS that combines
the beams in the reflected and transmitted arms. Finally, at both PBS exits, the
polarization tomography of Sec. 2.3 is done by placing a quarter-, a half-wave plate, a
polarizer, and a powermeter. Repeating this procedure in both arms for both values
of φ yields a set of intensities that can characterize the state completely. When φ = 0
(φ = π/4) the intensities will be labelled by an unprimed (primed) subscript. The
intensities measured in the horizontal (vertical) arm will be denoted ix and ix′ (iy
and iy′).
Let us look with more detail at these intensities. After the generation stage, the
beams in both arms are reflected in the mirrors, so the state becomes
(α |v〉+ γ eiφγ |h〉)⊗ |x〉+ (β eiφβ |v〉+ δ eiφδ |h〉)⊗ |y〉 . (3.1)
The half-wave plate H(φ) determines two cases. For φ = 0, the state coming out of
the PBS is
(−β eiφβ |v〉+ γ eiφγ |h〉)⊗ |x〉+ (α |v〉+ δ eiφδ |h〉)⊗ |y〉 . (3.2)
We then do polarization tomography in both arms. By adopting the naming conven-
tion of Sec. 2.3, the intensities thus obtained will be ixh, . . . , ixl and iyh, . . . , iyl. For
normalization purposes, we define it ≡ ixh + ixv + iyh + iyv. It can be readily seen







1See Sec. 4.6.4 of [1] for a geometrical explanation of this HQ gadget.
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Figure 3.1: A Mach-Zehnder interferometer that consists of two parts: one for state
generation; the other, for characterization. A half-wave plate, H(θ), a polarizing beam
splitter (PBS), and two transformations, T1 and T2, produce a general polarization-
path pure state. To completely characterize said state, an additional half-wave
plate, H(φ), is put in one of the interferometer arms. Its angle determines two sets
of intensities: those with unprimed subscripts, for φ = 0, and those with primed
subscripts, for φ = π/4. At the exits of a second PBS, polarization tomography is
carried out by using a QHP gadget followed by a powermeter (PM). The intensities
measured in the horizontal arm will be labelled ix and ix′ ; the ones in the vertical























































(α2 + δ2 + 2αδ sinφδ). (3.4f)
On the other hand, for φ = π/4, the state coming out of the PBS is
(δ eiφδ |v〉+ γ eiφγ |h〉)⊗ |x〉+ (α |v〉+ β eiφβ |h〉)⊗ |y〉 , (3.5)




























































(α2 + β2 + 2αβ sinφβ). (3.7f)
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Evidently, it is also equal to ix′h + ix′v + iy′h + iy′v.
We started off with the goal of obtaining the parameters of Eq. 2.28. Much to
our joy, only 18 intensities, ix′ , iy′ , and iy, are required for our purposes. Explicitly,







































If, instead, we wished to compute the Stokes and correlation parameters, we would


























Afterwards, quantities such as cosφγ can be computed by using angle sum identities.
While our algorithm is quite straightforward, it is not free of a common practical
complication: the notorious instability of Mach-Zehnder interferometers. Instabilities
stem from perturbations such as mechanical vibrations, wind currents, and tempera-
ture fluctuations, which alter the relative positions of mirrors and beam splitters.
Their combined effects can render any measurements insignificant. Logically, the
effect of perturbations could be significantly reduced by employing less mirrors or
PBSs. Such an alternative set up is feasible, and will be the subject of the next
section.
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3.2 Beam Displacer Device
An interferometer which uses PBDs instead of PBSs requires no mirrors and its arms
are shorter than those of Mach-Zehnder and Sagnac interferometers. It should, at
least in theory, be much more stable than them. We used such an interferometer for
our experiments. The results (Chapter 4) point to an unequivocal conclusion: the
PBD interferometer is incomparably much more stable than the alternatives.
Figure 3.2 illustrates our interferometer and its two modes of use. In the beginning,
it works exactly like the Mach-Zehnder interferometer: a horizontally-polarized light
ray passes through a half-wave plate, H(θ), enters a PBD and is divided into two
paths. Vertical polarization is transmitted along path y, while horizontal polarization
is displaced along path x. The same transformations of Fig. 3.1 are performed on
the respective paths—T1 on path x, T2 on path y—albeit in a much more reduced
space. At this point, the two-qubit pure state has been generated.
For the tomography stage, we first place a half-wave plate H(φ) following T1.
Next up, we could place a second PBD and observe a new path emerge. It would
contain the horizontally-polarized beam displaced from path x. Which of the three
paths exiting the PBD, if any, gives us the intensities of Eqns. 3.3, 3.4, 3.6, and 3.7?
The answer is not immediately obvious because PBDs function differently from PBSs.
To obtain the desired outcomes, we must place two additional half-wave plates in
our array—one before the second PBD and another after it. The angles on these
plates will be either 0 or π/4 depending on whether we wish to measure ix, ix′ or iy,
iy′ . For φ = 0, the state entering the H-PBD-H gadget is
(α |v〉+ γ eiφγ |h〉)⊗ |y〉+ (−β eiφβ |v〉+ δ eiφδ |h〉)⊗ |x〉 . (3.16)
This state then passes throughH(0) and the PBD. Upon exiting, only its x-component
passes through another H(0). Mathematically,
H(0)−−→(−α |v〉+ γ eiφγ |h〉)⊗ |y〉+ (β eiφβ |v〉+ δ eiφδ |h〉)⊗ |x〉
|x〉〈x|PBD−−−−−−→(β eiφβ |v〉+ γ eiφγ |h〉)⊗ |x〉
H(0)−−→(−β eiφβ |v〉+ γ eiφγ |h〉)⊗ |x〉 (3.17)
(cf. the first term in Eq. 3.2). When both plates are at π/4 we obtain
H(π/4)−−−−→(α |h〉+ γ eiφγ |v〉)⊗ |y〉+ (−β eiφβ |h〉+ δ eiφδ |v〉)⊗ |x〉
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Figure 3.2: The two configurations of our interferometric device. In both diagrams,
the dashed boxes on the left enclose the state generation stage. A light beam with
horizontal polarization enters the array after passing through H(θ). The resulting
state has a vertical component, transmitted along path y by a polarizing beam
displacer (PBD), and a horizontal component, displaced by the PBD (thereby
gaining a phase) along path x. Each individual beam is then subjected to some
transformation, T1 or T2. The dashed boxes on the right contain the tomography
stage. A half-wave plate in the x path, H(φ), determines two types of intensities:
those with primed subscripts, when φ = π/4, and those with unprimed subscripts,
for φ = 0. To measure all the required intensities, two additional half-wave plates
are needed—one before and one after the second PBD. To obtain the ix and ix′ (iy
and iy′) intensities of Fig. 3.1, both these plates must be at an angle of 0 (π/4). At
the second PBD, the beams transmitted from arm y and reflected from arm x are
blocked out. Finally, polarization tomography is carried out on the beam exiting the
interferometer by using a QHP gadget followed by a powermeter (PM).
|x〉〈x|PBD−−−−−−→(α |h〉+ δ eiφδ |v〉)⊗ |x〉
H(π/4)−−−−→(α |v〉+ δ eiφδ |h〉)⊗ |x〉 (3.18)
(cf. the second term in Eq. 3.2). Similarly, for φ = π/4 the state before the
H-PBD-H gadget is
(α |v〉+ γ eiφγ |h〉)⊗ |y〉+ (β eiφβ |h〉+ δ eiφδ |v〉)⊗ |x〉 . (3.19)
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Again, the transformations
H(0)−−→(−α |v〉+ γ eiφγ |h〉)⊗ |y〉+ (β eiφβ |h〉 − δ eiφδ |v〉)⊗ |x〉
|x〉〈x|PBD−−−−−−→(γ eiφγ |h〉 − δ eiφδ |v〉)⊗ |x〉
H(0)−−→(γ eiφγ |h〉+ δ eiφδ |v〉)⊗ |x〉 (3.20)
yield the intensities ix′ (cf. the first term in Eq. 3.5), whereas
H(π/4)−−−−→(α |h〉+ γ eiφγ |v〉)⊗ |y〉+ (β eiφβ |v〉+ δ eiφδ |h〉)⊗ |x〉
|x〉〈x|PBD−−−−−−→(α |h〉+ β eiφβ |v〉)⊗ |x〉
H(π/4)−−−−→(α |v〉+ β eiφβ |h〉)⊗ |x〉 (3.21)
give us the iy′ (cf. the second term in Eq. 3.5).
3.3 Experimental Realization
In our experiments, we used the interferometer depicted in Fig. 3.2. For simplicity,
we took T1 to be the identity, and T2 = H(φ2). Since it is virtually impossible for
the lengths of the interferometer’s arms to be identical, there is a phase difference
between both. In our calculations, we call this phase φ1 and insert it in arm y.
Determining φ1 will be of importance for our results. With this in mind, the state
produced in our array is
|ψ〉 =
(
|x〉〈x|+ eiφ1 H(φ2) |y〉〈y|
)
(PBD)H(θ) |hy〉
= cos 2φ2 sin 2θ |vy〉+ sin 2φ2 sin 2θ eiπ |hy〉+ cos 2θ ei(π−φ1) |hx〉
= cos 2φ2 sin 2θ |vy〉 − sin 2φ2 sin 2θ |hy〉 − cos 2θ e−iφ1 |hx〉 . (3.22)
By comparing Eq. 3.22 to Eq. 2.28, the state parameters are found to be
α = cos 2φ2 sin 2θ, β = 0, γ = sin 2φ2 sin 2θ, δ = cos 2θ,
φβ = 0, φγ = π, φδ = π − φ1. (3.23)




[2 + 2 cos 4θ + cos(4θ − 4φ2)− 2 cos 4φ2 + cos(4θ + 4φ2)] , (3.24a)
p2 = − sin2 2θ sin 4φ2, (3.24b)
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p3 = 0, (3.24c)
q1 = cos 4θ, (3.25a)
q2 = sin 4θ sin 2φ2 cosφ1, (3.25b)




[2 + 2 cos 4θ − cos(4θ − 4φ2) + 2 cos 4φ2 − cos(4θ + 4φ2)] , (3.26a)
r12 = sin 4θ sin 2φ2 cosφ1, (3.26b)
r13 = sin 4θ sin 2φ2 sinφ1, (3.26c)
r21 = sin
2 2θ sin 4φ2, (3.26d)
r22 = − sin 4θ cos 2φ2 cosφ1, (3.26e)
r23 = − sin 4θ cos 2φ2 sinφ1, (3.26f)
r31 = 0, (3.26g)
r32 = − sin 4θ cos 2φ2 sinφ1, (3.26h)
r33 = sin 4θ cos 2φ2 cosφ1. (3.26i)
In the actual array, the angle θ of the first half-wave plate took the values 0◦, 10◦,
20◦, . . . , 80◦. The angle of the half-wave plate in arm y was fixed at φ2 = π/8. A






We performed the 18 intensity measurements described in Sec. 3.2 for 9 different
polarization-path states. These intensities were then used to compute the Stokes
and correlations parameters of the 9 states. In this chapter, we present the results
and compare them to the theoretical predictions.
4.1 Polarization Stokes Parameters
Polarization tomography can be carried out either inside the interferometer—by
doing standard polarization tomography on the two beams simultaneously, thereby
tracing over the path—or outside it, after the second PBD, as described in Sec. 3.2.
Since the first method is not affected by interference in the second beam displacer,
it should be more stable than the second. Additionally, it requires only 6 intensity
measurements, whereas the second requires 18. We used both methods and obtained
nearly identical results.




(1 + cos 4θ) , (4.1a)
p2 = − sin2 2θ, (4.1b)
p3 = 0. (4.1c)
The results we obtained are shown in Figs. 4.1–4.3. The blue curves are given by
Eqns. 4.1; the red dots represent the experimental polarization Stokes parameters
p1, p2, and p3.
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Figure 4.1: Theoretical (blue curve) and experimental (red dots) polarization Stokes
parameter p1.








Figure 4.2: Theoretical (blue curve) and experimental (red dots) polarization Stokes
parameter p2.
28







Figure 4.3: Theoretical (blue curve) and experimental (red dots) polarization Stokes
parameter p3.
4.2 Path Stokes Parameters
Since the phase φ1 appears in two of the path Stokes parameters, it is evident that
path tomography must be done outside the interferometer. Given our choice of
transformations T1 and T2, the path Stokes parameters take the form










sin 4θ sinφ1. (4.2c)
Before plotting the theoretical curves, the phase φ1 had to be determined. By
looking at the experimental data, we can infer which quadrant the phase belongs
to. In our case, since the experimental values of q2 ∝ sin 4θ cosφ1 (q3 ∝ sin 4θ sinφ1)
were negative (positive) for 0 ≤ θ ≤ π/4, we concluded that the phase was in the
second quadrant. Afterwards, we calculated the ratio q3/q2 = tanφ1 for each state,
found its inverse tangent, reduced the angles to the second quadrant, and averaged
them. This way, we found the phase to be φ1 = 1.95± 0.18 rad, or 111.78◦ ± 10.47◦.
Figures 4.4–4.6 show the theoretical and experimental path Stokes parameters q1,
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q2, and q3. The three parameters fit their curves better than the pi fit theirs.







Figure 4.4: Theoretical (blue curve) and experimental (red dots) path Stokes param-
eter q1.










Figure 4.5: Theoretical (blue curve) and experimental (red dots) path Stokes param-
eter q2.
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Figure 4.6: Theoretical (blue curve) and experimental (red dots) path Stokes param-
eter q3.
4.3 Correlation Parameters


























sin 4θ sinφ1, (4.3f)










sin 4θ cosφ1. (4.3i)
31
Figures 4.7–4.15 show the theoretical and experimental correlation parameters.
Save for r21, r22, and r33, all parameters fit quite nicely to their theoretical curves.
With these values, we have completely characterized all 9 states.








Figure 4.7: Theoretical (blue curve) and experimental (red dots) correlation parameter
r11.
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Figure 4.8: Theoretical (blue curve) and experimental (red dots) correlation parameter
r12.









Figure 4.9: Theoretical (blue curve) and experimental (red dots) correlation parameter
r13.
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Figure 4.10: Theoretical (blue curve) and experimental (red dots) correlation param-
eter r21.









Figure 4.11: Theoretical (blue curve) and experimental (red dots) correlation param-
eter r22.
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Figure 4.12: Theoretical (blue curve) and experimental (red dots) correlation param-
eter r23.







Figure 4.13: Theoretical (blue curve) and experimental (red dots) correlation param-
eter r31.
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Figure 4.14: Theoretical (blue curve) and experimental (red dots) correlation param-
eter r32.














We set out with the objective of developing a tomography algorithm that could
characterize pure states of polarization-path two-qubit systems in quantum optical
settings. To this end, we contrived a simple tomography gadget consisting of a
Mach-Zehnder interferometer with a half-wave plate in one arm. As we are painfully
aware of, this configuration can be too unstable to yield even mildly reasonable results.
Luckily, we managed to devise an alternative, stable array. Said array consists of
6 half-wave plates, 1 quarter-wave plate, and two polarizing beam displacers. We
prepared a set of pure two-qubit states in our interferometer and carried out a
complete state tomography on them. Our results, in the form of the 6 single-qubit
Stokes parameters and the 9 correlation parameters, are in good agreement with the
predicted values. Therefore, our proposed tomography algorithm works as intended.
A crucial element of our algorithm is the phase φ1. If the interferometer is
unstable, the phase will fluctuate wildly and the measurements will yield nonsensical
results. Despite our experimental phase having a relative uncertainty of 9%, we
can safely say that our results represent a remarkable improvement over previous
attempts. Indeed, having spent several months trying to do two-qubit tomography
in Mach-Zehnder and Sagnac interferometers to no avail, we conclude, by looking at
the curves in Chapter 4, that PBD interferometers are remarkably more stable than
other interferometers. While far from perfect, they perform quite decently.
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5.2 Outlook
There exist two main sources of error for our experimental results. First is our way
of using the half-wave plates in the PBD interferometer. Since the distance between
both arms is small, we had to get part of the plates cut out, so that one of the
beams went through the hole and the other through the plate’s fringe. However,
wave plates are known to function non-ideally when the beam incides far from the
center. This difficulty could be overcome by using wave plates custom-made for our
array. Second are the fluctuations in the phase φ1. These are significantly lower
when the measurements are taken over small intervals of time, so it is advisable to
measure in just a few hours. Moreover, our results could be improved by working in
a more robust setting, such as a heavy optical table, and using heavy mounts for the
PBDs.
The simple tomographic device of Fig. 3.2 that we have presented in this thesis
can be used to test several kinds of theoretical models. Quantum evolutions such as
the single qubit dissipative channel, the amplitude damping channel, the random
unitary channel, and one- and two-qubit dephasing channels [12, 13] can be simulated
in a PBD interferometer. Quite recently, a single-qubit dephasing channel was carried
out in the path qubit of a PBD interferometer [34]. This shows that our experimental
array can be used to study properties of current interest in the open quantum systems
community, such as quantum (non-)Markovianity and coherence.
Additionally, the possibility of doing quantum light interferometry experiments
with a PBD interferometer is currently being explored. And, last but not least,
we expect that, with a few modifications, our device can be used to generate and
completely characterize mixed two-qubit states—which depend on 15 parameters
instead of 6. We hope that this will be the subject of future works.
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